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[t is proposed in this paper that non-Newtonian flow behavior of polymer melts in wire coating
extrusion die can be analyzed theoretically by broken section method. It is assumed that the flow is
steady, isothermal and laminar and the polymer melts behave as a power law fluid with flow index
n. Further we assume that there occurs no slip at the boundaries. The polymer melts filled between
die inside and wire surface are broken perpendicular to the low axis into many sections, each of
unit length. The materials in each section having different heights with the variation of the
diameters of die, behave under combined pressure and drag flows of power law fluid. In this
problem, the simultaneous equations on equal volumetric flow rate through each section can be
formulated and hence the pressure distribution in the direction of wire axis can be obtained, for
four cases where the relationships between drag flow and pressure flow are varied. The
mathematical results are presented in detail for the cases of Newtonian flow (n = 1) and
pseudoplastic flow (n = 1/2).

I. FUNDAMENTALS

Broken section method' # for analyzing successfully boundary value prob-
lems on polymer melt processing, with particular emphasis on extrusion die
design problems, is extended to solve theoretically melt flow problem on wire
coating extrusion.®”’

+ All communications should be addressed.
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This report is one of the additional applications of the broken section
method.

Wire (radius R)) is travelled with linear velocity V into the coaxial die (inner
radius R,) filled by molten polymers. The flow problem®*° in wire coating
extrusion simulates the combined pressure and drag flows.'®!! In this
problem, no slip at all the stationary and moving boundaries is assumed.'*'?
In addition, polymer melts are to be incompressive and both the gravitational
and inertia effects are negligible.

It is assumed further that the flow is isothermal and laminar and that the
power law in shear flow is applicable.

The power law !*'3 is written in the form

T=1y (I-1

e \Nn—1
n= n°(y.%> (1-2)

where 7 is shear stress and # is the viscosity at shear rate y. The flow index of the
fluid is n and 7, is the viscosity at the standard shear rate y°.

For the purpose of the analysis, the extrusion die is broken perpendicularly
to the Z-axis into N sections, each of length S, as shown in Figure 1. The
pressure at the start of the jth section is p;_, and at the end is p;.

Hence (p;— p;-1)/S is the pressure gradient of the jth section. As shown in
Figure 2, the polymer melts in each section having different heights in
accordance with the variation of the inner diameters of die, behave under

FIGURE 1 Notation for analysis of the flow of polymer melts in wire coating extrusion die.

//die wall

}Lj i %

_Vv.,
Jé); wire ‘&12 z

F—5—
FIGURE 2 The jth section of polymer melts being wire drawn and showing principal
dimension.




13: 46 23 January 2011

Downl oaded At:

BROKEN SECTION METHOD FOR EXTRUSION DIE 127

combined pressure and drag flows of power law fluid. Depending upon the
mutual relationship between pressure and drag flow, the geometrical configur-
ation of die,? the wire travelling velocity V and further the flow behaviors of
polymer melts, in general, the flow problem of the jth section in wire coating
extrusion die is summarized and analyzed in the following four cases.

Il. BROKEN SECTION METHOD
(A). The case of Figure 3(a)

Both pressure gradient and velocity gradient are negative.
Introducing the following dimensionless parameters,

p=r/R; (I1-1)

¢=v,/TV (I1-2)
—n. s0yn — n

r= %[R.- B lims Sp"‘ Gy ,;o IT/ (I1-3)

where r: radial distance in cylindrical coordinate
Z: axial distance in cylindrical coordinate
v,: velocity component in Z-axis

the Z component of the momentum equation on wire coating flow problem

becomes
d do\"
il — = 114
il (-%) ] @
o I 7
& R
Vinax '
R )
Ry v—— Rl v ]
- = @] L.
Vs VoA
2 R
ﬁfile
Vinin[—
O R — 1 )z O LT Ay — 2
(c) — 7 ’ Ny 7 ’ ’ ﬁ?”’

FIGURE 3 Four types of velocity profiles in the flow of polymer melts in die.
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with the boundary conditions:
r=Ry: ¢=0 (I1-5)
r=R;: ¢p=T"" (I1-6)

(B). The case of Figure 3(b)

Pressure gradient is negative and velocity profile has maximum.
In this case, the velocity profile has the maximum at r = R*. Hence the
analysis should be performed in the following two domains.

(1) Inner domain: R, <r < R*

d[ (de\]
ol ) |- )

where ¢;: ¢ for the inner domain.

(2) Outer domain: R* <r <R,

d dpo\"
S e

where ¢g: ¢ for the outer domain.
The boundary conditions are as follows.

r=R;: ¢;=T""1 (11-9)
r=R,: ¢o=0 (I1-10)
r=R*: do/dp =0 (-11)
F=R*: dd/dp =0 (11-12)

(C). The case of Figure 3 (c)

Pressure gradient is positive but velocity gradient is negative.
In this case, the momentum equation is

d dp\"]
L

with the boundary conditions:
r=Ry: ¢=0 (I1n-14)
r=R;: ¢=I"" (I11-15)
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(D). The case of Figure 3(d)

Pressure gradient is positive and velocity profile has minimum.
In this case, the velocity profile has the minimum at r = R*. Hence the
analysis should be done in the following two domains.

(1) Inner domain: R, <r < R*

d do; \" _ ~
I

where ¢,: ¢ for the inner domain.

(2) Outer domain: R* <r < R,

d [ (dpo\"] _ )
ST e

where ¢, : ¢ for the outer domain.
The boundary conditions are as follows.

r=Ry: gi=T"" (I1-18)
F=Ro:  do=0 (I1-19)
r=R* dpjdp=0 (11-20)
r=R*: do/dp =0 (11-21)

In the case where the mutual relationship between pressure and drag flows,
the geometrical profile of die, the wire travelling velocity V' and further the flow
behaviors of polymer melts are known, the velocity distribution of (I1-4),
(IT1-7), (11-8), (11-13), (I1-16) and (I1-17) can be solved.

Hence the volumetric flow rate Q through each broken section can be
obtained from the integral of the velocity profile. Because the volumetric flow
rate through each broken section is always equal to the constant Q and the exit
pressure should be zero, the simultaneous equation on the equal volumetric
flow rate Q through each broken section contains N unknown p;’s and hence
the flow problem in wire coating extrusion die is formulated completely.

. NEWTONIAN CASE(n=1)

As one of the easiest examples, the analytical results for newtonian case (n = 1)
are shown, as follows, in the same order of the previous four cases : (A), (B), (C)
and (D).
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(A). Figure 3(a), (p,—p;-1)/S <0

The differential equation (A) is as follows.

d dp\] _
o)) -y

The analytical result is obtained as

2

b= — % —C, Injp|+C, (IN-2)

where C, and C, are integration constants and can be determined by the
following boundary conditions.

r=Ry; ie. ¢ =0 (I11-3)
r=R, ie.¢=T"" (I11-4)
Namely
Ar '4+1-p2
C;=——— I1-5
! 41n B; (1r=3)
|
C,=r I+Z (I11-6)
where
Ry;
B = ?" (I11-7)
The volumetric flow rate Q can be expressed as
2R} pi—p;—y | [
Q e S 1 bp dp
27IR4 pl_p171 4F_1+1—B12 2 l ril
= : 1)+ —(Bt-1) — I11-8
© | s 6mp, LD limh =y (W)

I, C, and C, are a function of (p;—p, _,)/S.

(B). Figure 3(b), (p;—p;,-1)/S <0

The velocity profile for (B) has an extreme value somewhere between the die
wall and the surface of the wire, at r = R*,

It is necessary, then, to write the differential equation for each region
separately and account for the proper sign for the shear rate in the absolute
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value sign. In a similar way, Eq. (II-7) in the lower part of the velocity profile,
where d¢,/dp > 0 is as follows.

do;
)

In the upper part of the velocity profile, where d¢o/dp < 0, on the other
hand, Eq. (II-8) can be written as

d doo
e

The boundary conditions for this case are as follows.

r=R;: ¢;=T"" (II-11)

r=Ry;: $o =0 (I1I-12)

r=R*: d¢/dp=0 (I11-13)

r=R*: do/dp =0 (1-14)

The solutions are

bim — E’ZJJL*Z inlol + 71+ ¢ (111-15)

b0 = —%2 2 ln| |+ﬂ’ ——*—21n B; (I1I-16)

where

B* = R*/R, (I11-17)

The boundary condition for % to be determined is as follows.
r=R*: ¢;=¢, (ITI-18)

The value of ¥ can be determined by the following equation obtained from
the boundary condition (ITI-18).

AR L ﬁ—f—iz n B, (I11-19)
4”4 j

The volumetric flow rate Q is obtained by integrating the velocity equation.

4
2’;R { f b do+ | ¢op dp} (I11-20)

Jﬂr} d —<ﬁ>4l *—3) <7>21 2r-t r 1 IT1-21
ld)ipp“z(nﬁj_‘i'?("' )_2_3(*)

Q— pj pJ 1
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x4

B ¥
f bop dp = 2 =380 —p) + an gy a2
B

B

*
i

I" and f¥ are a function of (p;—p;_,)/S.

(C). Figure 3(c), (p;—p;-1)/S>0

The differential equation for (C) is as follows.

d dp\|_ B
S e

The analytical result can be written as

2

¢ = % ~ Cy Inlp|+C,4 (I11-24)

where C; and C, are integration constants and can be determined by the
following boundary conditions.

r=R,, ie. ¢=0 (111-25)
r=R, ie. ¢p=T"1 (I11-26)
In the similar way to (A), C; and C, can be determined as
Bi+4r'—1
Cy="2t— 1H-27
} 41n B, ( )
1
C,=TI"'—— (I11-28)
4
The volumetric flow rate Q can be expressed as
2nRHp,—p; | (P
Q=—o-|"—<—1|| ¢rdp
n° N i
2aR} |pj—pj-y | (BE+4T 1 —1 1 r-!
= : : B2 —1) — —(B4—1) — 11-29
s 6mp BN - )

I', Cy and C, are a function of (p;—p;,)/S.

(D). Figure 3(d). (p;—p;-)/S>0

The velocity profile for (D) has an extreme value somewhere between die wall
and wire surface, at r = R*. In a similar way to (B), hence, it is necessary to
write the differential equation for each region separately and account for the
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proper sign for the shear rate in the absolute value sign.

d dé,

dp[( dp)] - (=30
doo

SL()]- L

The boundary conditions for (D) can be written as

r=R;: p=0r"" (I11-32)
r = Ry;: $=0 (I11-33)
r=R*: dydp =0 (111-34)
r=R*: dpo/dp =0 (IT1-35)
The solutions are

d,i:&z_lz]mp”r-l“ (111-36)
4 2 4

po=2 gy g, B (11-37)

where the boundary condition for ¥ to be determined is as follows.
Yy = R*: d)‘. = ¢0 (111_38)

The value of ¥ can be determined by the following equation obtained from
the boundary condition (ITI1-38).
LB /3,

[y =" inp;—

i (I11-39)

The volumetric flow rate Q is obtained by integrating the velocity equation.

2nR* | p )
0="5 g H $up dp+ ¢opdp] (111-40)
A ’ rt o
J ¢pdp—< >(3 —41n B+ <2>(2r —1) =5+ (141)
s
f bop dp = — (B -3BIB —p) + P n - g) (a2

I" and f% are a function of (p;—p;_)/S.
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IV. PSEUDOPLASTIC CASE (n = 1/2)
As one of the typical examples of non-Newtonian case, the analytical results

for (n = 1/2) are shown, as follows, in the same order of the previous four cases:
(A), (B), (C) and (D).

(A). Figure 3(a). (p,—p;-1)/5 <0

The differential equation for (A) is as follows.

d dp\ ¥
il -5) |- o

The analytical result can be written as
¢ =—p*12=Csp+C3/p+C (IV-2)

where C5 and Cg are integration constants and can be determined by the
following boundary conditions.

r=Rg;, ie. ¢=0 (Iv-3)
r=R, ie ¢=T" (1Iv-4)
Namely
1 )
Cs = —% + \/* ﬁﬁj(ﬁj“ - r(/gﬁ_J_ 1) (IV=5)
1 1
- E(ﬂj+ D(BF—6B;+1) + Té—1) + B+ 1)

1 B;
-t (IV-6)

The volumetric flow rate Q can be expressed as

Vi I I T o
Q—2R[ 5 — 'I dp dp
n 1

G 2P p=pima P
—ZR[R 7 i

S

B;,-1° 2 lﬁ, ;-1 T 'Y(B;-1

x{—G \/ =D B—1 " 40 T }
(IV=7)

I', C5 and Cq are a function of (p;—p;_,)/S.
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(B). Figure 3(b), (p;—p;-,)/S <0

The velocity profile for (B) has an extreme value somewhere between the die
wall and the surface of the wire, at r = R*,

In a similar way to III-(B), the differential equation for each region
separately can be written as

d dp,\?
e
d dpo\'?
w5 = )
The boundary conditions for (B) can be written as
r = Ri: ¢i= rt (IV—]O)
r=Ry;: 0=0 (Iv-11)
r=R*: d¢/dp=0 (IV-12)
r=R¥*: d¢y/dp =0 (Iv-13)
The solutions are
pJ }kz }|=4 . 3p}y4+6ﬂ;§=2_1
= ——2—p——1-+ T - Iv-14
=TTy 12 (av=-14)
3 *2 *4 4 *2 02 *4
P J J By — 6B} "B — 37
= _F L Fhi L' N IV-15
Po= -ty Pt 128 (IV-15)

where the boundary condition for ¥ to be determined is as follows.
r=R*: ¢;= ¢ (IV-16)

The value of ¥ can be determined by the following equation obtained from
the boundary condition (IV-16).

Lt/ St AU
3 128 12

(IV-17)

The volumetric flow rate Q is obtained by integrating the velocity equation.

- ()50)1/2 2 PP 2 £ B
Q =27R}[ Ri—=% S bipdp+| dopdpp (IV-18)
n 1 B
7 F—1AS5REE 4P+ T
¢,'p dﬂ _ (:BJ ) ( :B,/ + ﬁj + ) + (/37:2_]) (IV—19)
1

40 2
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1

8. (BY = B)(BY + B)(BT? + BB +363)

Bj
$op dp =
5

[" and ¥ are a function of (p;—p;_,)/S.

(C). Figure 3(c).(p;—p;-1)/S>0

The differential equation for (C) is as follows.

d dd))l/z 3
A2

The analytical result can be written as

3 CZ

(IvV=-20)

(IV-21)

(IV-22)

where C, and Cy are integration constants and can be determined by the

following boundary conditions.
r=Ry, ie. ¢=0
r=R, le. ¢=0""

In the similar to I11-(C), C; and Cg are determined as

by [Ty B
©73 +\/ LR YT

|
Cy =§(/3;+1)(/3f*6ﬁ,-+1)~

Fp—n At

! B;
X \/— Eﬂj(ﬂj_l)z + F6—1)

The volumetric flow rate Q can be expressed as

, ();o)—l/z 2 2 By
Q = 2nR; [R,- 0 ] f ¢p dp

i
0y —1/27]2
- 2nR?[R,-(y ) ]
Ho

Pi—Pj-1
S

Pi—Pj—t 2

S

(1V-23)
(IV-24)

(IV-25)

(IV-26)

—1)° 1 r-1p. —1)° YR —
x{_(ﬁ, )\/_Eﬂj(ﬂﬂ)z_ B 8= T 1)}

6 Bi—1 40

I', C5 and Cgq are a function of (p;—p,_,)/S.

(IV-27)
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(D). Figure 3(d). (p;—p;-1)/S>0

The velocity profile for (D) has an extreme value somewhere between the die
wall and the surface of the wire, at r = R*.

In a similar way to III{(D), the differential equation for each region
separately can be written as

d do\'?
— — = — V-2

all-5) = w2

d dgo\'?
— — = IV-29
il @) |- -

The boundary conditions for (D) can be written as
r=R;: o;=0r"" (I'V-30)
r=Ry;: ¢o=0 (IvV-31)
r=R*: d¢,/dp =20 (TvV-32)
r=R*: d¢y/dp =10 (IV-33)
The solutions are
3 2 4 4 2
Pt LB B L 3 eprd
=y h Pl v 2R TR T _
o, 12+ 5 p+4p+ 3 (IV-34)
_pt BB 3BFTH6BYBI— B
b= TP Tt 128, (IV=35)
where the boundary condition for ¥ to be determined is as follows.

y = R*. d),. = (/)0 ([V—36)

The value of ¥ can be determined by the following equation obtained from
the boundary condition (1V-36).

B, Lo BB -1 3B 6Brs -
3 12 12

The volumetric flow rate Q is obtained by integrating the velocity equation.

(IV-37)

—aR? (350)— 1/27)2 pi—Pi 1 2 5 Bi
Q =2nR; R, $ip dp+ $op dp (1V-38)
Ho N 1 W
b F_ NSRRI 4AB*+1) !
oip dp = —(ﬁ’ VOB +4B7 + )+ (Br2—1) (IV-39)
) 40 2
Bi 1
$op dp = — W(/f;'k_ﬁj)(ﬁf+/))j)(/3;'k2+ﬁf)( ¥+ 367) (IV-40)
By i

I" and f% are a function of (p,—p; . |)/S.
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